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a b s t r a c t
Determining a network size for a fuzzy neural network structure is very important, and it is often difﬁcult to obtain the most suitable value. This study develops a self-evolving function-link interval type-2
fuzzy neural network (SEFT2FNN) that autonomously constructs the rule base with the initial empty and
the membership functions. The function-link is applied to an interval type-2 fuzzy neural network to give
a more accurate approximation of the function. The adaptive laws for the proposed system are derived
using the steepest descent gradient approach. The stability of system was guaranteed using Lyapunov
function approach. Finally, the performance of the proposed system is veriﬁed using the numerical simulations of the nonlinear system identiﬁcation and the control of time-varying plants.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
In recent years, many studies have combined the fuzzy inference system and neural networks to produce fuzzy neural networks (FNNs) [1–6]. The fuzzy set theory was ﬁrst introduced by
Zadeh in 1965 [7]. It used linguistic variables and membership
functions to describe the degrees to which elements belong in
fuzzy sets. These system are categorized as type-1 fuzzy logic systems (T1FLS). Since then, ﬂexible features, intuitive knowledge, and
easy computation have meant that the T1FLS has been widely applied to a variety of ﬁelds [8]. Because T1FLS are precise sets, the
process cannot deal with the uncertainty that arises from internal
and external disturbances [9]. Therefore, in 1975 Zadeh developed
the concept of type-2 fuzzy logic systems (T2FLS), which takes account of the uncertainty in membership functions [10]. Previous
studies [11–13] showed that under the same condition, a T2FLS
copes better with the uncertainties than a T1FLS. In order to reduce the computational cost, interval type-2 fuzzy logic systems
(IT2FLS) were proposed by Liang and Mendel [14]. Since then, the
IT2FLS has been the subject of study in various ﬁelds, such as control problems, system identiﬁcation, prediction and classiﬁcation
[15–24]. In 2009, Castro et al. presented a hybrid learning algorithm for a class of interval type-2 fuzzy neural network [20]. In
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2009, Hagras and Wagner proposed the interval type-2 fuzzy logic
controllers – towards better uncertainty handling in real world applications [21]. In 2013, Castillo et al. introduced the universal approximation of a class of interval type-2 fuzzy neural networks
in nonlinear identiﬁcation [22]. In 2014, Castillo et al. provided
the application of interval type-2 fuzzy neural networks in nonlinear identiﬁcation and time series prediction [23]. Following that,
in 2015, Gaxiola et al. presented the optimization of type-2 fuzzy
weights in backpropagation learning for neural networks using GAs
and PSO [24]. However, because of the ﬁxed structure, it is diﬃcult to determine suitable fuzzy rules of the system. Many studies have proposed a self-organizing algorithm that autonomously
determines the network size for a fuzzy neural network [25–28].
In 2008, Juang and Tsao proposed a self-organizing type-2 neural fuzzy system and applied for the non-linear system identiﬁcation and a truck braking control problem [25]. In 2009, Lin and
Chen proposed a self-organizing cerebellar model articulation controller for multi-output multi-input uncertainty nonlinear systems
[27]. In 2017, Lin and Le proposed the PSO-self-organizing interval type-2 fuzzy neural network for antilock braking systems [28].
However, the disadvantage is that the initial design of the network signiﬁcantly affects the control performance, and it requires
knowledge about the system to design the initial rules and membership functions [29,30]. A self-evolving algorithm was proposed
that autonomously constructs the IT2FNN using the empty rule and
membership functions. In 2014, Lin et al. presented a self-evolving
compensatory interval type-2 fuzzy neural network for systems
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identiﬁcation and prediction problem [31]. In 2016, Mohammadzadeh et al. proposed a new self-evolving non-singleton type2 fuzzy neural network to control fractional-order chaotic systems
[32]. However, compared with function-link IT2FNN, this structure
does not have a suﬃcient number of adjustable free variables and
its performance could be improved.
A functional-link network (FLN) was developed by Pao in 1989,
which can enrich the input information by function expansion [33].
It has been successfully applied in many ﬁelds, such as prediction,
classiﬁcation, system identiﬁcation, pattern recognition and control
problems [34–39]. Many studies have used the FLN to improve the
performance of control systems. The input representation is enhanced using trigonometric functions that are expanded in an extended space [34]. The output from the FLN is generated by a nonlinear combination of the input variables, so approximation of the
nonlinear function is more accurate [39].
The main motivation of this study is to construct a neural network controller which does not need to design the initial structure
of network in advance, and the on-line learning will self-construct
the network to the suitable structure. In this study, a self-evolving
algorithm and a FLN are applied to an IT2FNN to enhance the
performance of the network. This proposed network structure is
referred to as a self-evolving function-link IT2FNN (SEFT2FNN).
The main contributions of this study are the development of a
SEFT2FNN that incorporates adaptive laws for updating parameters and the design of a self-evolving algorithm that autonomously
constructs a network from an empty structure and the empty rule.
The convergency of the proposed algorithm is proven by Lyapunov
function analysis approach. The design of the function-link network for IT2FNN helps the updating parameter have more adjustable free variables, which improves the accuracy of the system. Comparison with the previous type-2 fuzzy neural networks
in [20–24], the proposed SEFT2FNN has some advantages such as
it does not request to set the initial structure in advance, the FLN
gives more freedom for adjusting the parameters of IT2FNN, and
more simple computation. Finally, the numerical simulations of
system identiﬁcations and the control of time-varying plants are
conducted to show the advantages of the proposed method than
other methods.
The remainder of the paper is organized as follows.
Section 2 presents the structure of the function-link IT2FNN.
Section 3 details the self-evolving algorithm and parameter
learning for the SEFT2FNN. Section 4 shows the simulation
results for non-linear system identiﬁcations and the control
of time-varying plants. Finally, the conclusions are discussed
in Section 5.
2. Function-link IT2FNN control system
Fig. 1 shows the structure of the proposed SEFT2FNN network
system with a self-generated structure. The structure of functionlink is shown in Section 2.1. The detail steps for constructing the
function-link interval type-2 fuzzy neural network is provided in
Section 2.2. The parameters are adjusted using the adaptive laws
that are designed in Section 3.
2.1. Function-link network
In many studies of fuzzy inference systems, the weights that
are used in the consequent part of fuzzy rules are often given by
singleton values and are updated using adaptive laws. In this study,
the fuzzy weights are determined using the FLN and updating
indirectly uses the update laws for the weights of the FLN, so there
are more design parameters, which allows a better approximation.
Fig. 2 shows the structure of the FLN. This study uses a trigonometric function to expand the function expansion because it is

more compact and the orthogonal basis functions (sine and cosine)
can be computed more quickly [36]. In the FLN model, an input
vector, I = [i1 , i2 , . . . , in ]T , is enhanced as φ = [φ1 , φ2 , . . . , φm ]T ,
where I and φ are the input and output vector of function
expansion block, respectively. m is the number of elements in
the function expansion output and n is the number of elements in vector input. For instance, if I = [i1 , i1 , i3 ]T then φ =
[i1 , sin(π i1 ), cos(π i1 ), i2 , sin(π i2 ), cos(π i2 ), i3 , sin(π i3 ), cos(π i3 ),
i1 i2 , i1 i3 , i2 i3 , i1 i2 i3 ]T . The jth output of FLN can be expressed as

w j = q 1 j φ1 + q 2 j φ2 . . . + q m j φm =

m


qi j φi = qTj φ

(1)

i=1

where q j = [q1 j , q2 j . . . , qm j ]T , φ = [φ1 , φ1 . . . , φm ]T , and qij are the
weights for the FLN that connect wj and φ i . Initially, qij has an
initial value and this is updated using the adaptive law that is presented in the following sections.
2.2. The function-link interval type-2 fuzzy neural network
In the IT2FNN, the relationship between the consequent and the
antecedent is explained using an IF-THEN rule. The jth rule has the
following form:
IF x1 is X˜1 j and . . . and xi is X˜i j and . . . and xn is X˜n j

˜j
THEN o j = W

(2)

where X˜i j is the type-2 fuzzy membership function for the jth rule
˜ j is the
of the ith input ( j = 1, . . . , M and i = 1, . . . , n) and W
type-2 fuzzy membership function for the jth output. All parameters in the consequent and antecedent parts are updated using
the adaptive laws that are detailed in Section 3.2.
The structure of the interval type-2 fuzzy neural network is
shown in Fig. 1, It has six layers: an input layer, a membership
function layer, a ﬁring layer, a weight memory layer, a pre-output
layer and a ﬁnal output layer. They are described below.
1) The input layer: there is no computation in this layer. All of
the input variables from this layer are directly transferred to
the next layer.
2) The membership function layer: In this layer, the membership grades are determined using the input variables, xj , and
a type-2 fuzzy membership input function, X˜i j . In this study,
X˜i j is deﬁned as a type-2 Gaussian membership function
(T2GMF) that has one mean and an uncertain standard deviation, σ ∈ [σ 1 , σ 2 ] (see Fig. 3). Using the T2GMF, the membership grades, μX˜ , are described by the upper and lower
ij

membership functions (UMF and LMF)



μ̄i j

1
= exp −
2


μi j

1
= exp −
2



xi − mi j

2 

(3)

σ̄i j



xi − mi j

σ ij

2 
(4)

3) The ﬁring layer: In this layer, each node is produced using
a t-norm operator. The ﬁring strength of the ith rule is an
i
i
interval value F i = [ f , f¯i ], where f and f¯i are given by:

f¯i =

n


μ̄i j

(5)

j=1

i

f =

n

j=1

μi j

(6)
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Fig. 1. Structure of the SEFT2FNN.

The consequent part of the function-link IT2FNN uses a type-2
fuzzy set to determine the upper bound and the lower bound of Q
as Q̄ and Q , respectively. The interval value for the vector output
weight [w̄, w] is then derived. For the i th rule, the output weight
is an interval value, wi = [wi , w̄i ].
5) The pre-output layer: This layer calculates the left and right
output limits by combining the output of layer 3, ﬁring
i
strength [ f , f¯i ], and layer 4, output weight [wi , w̄i ]. The
Karnik–Mendel (KM) algorithm is also used to adjust the
contribution of the upper and lower values in the ﬁring
strength [40]. Therefore, the output [yl , yr ] is given by:
Fig. 2. Structure of the function-link network.

yl =

M
i i
i=1 f l w
M
i
i=1 f l

(8)

yr =

M
i i
i=1 f r w̄
M
i
i=1 f r

(9)

where the ﬁring strengths, fli and fri , are chosen as

fli =


fri

=

f¯i ,
i
f,

i≤L
i>L

f,

i

i≤R

f¯i ,

i>R

(10)

(11)

where L and R respectively represent the left and right switch
points, which are determined using the KM algorithm. The detail
of KM algorithm is shown in Appendices A and B.
6) Output layer: This layer is the ﬁnal output of the functionlink IT2FNN (FT2FNN). The output of the previous layer is an
interval set [yl , yr ]. The average operation is used for defuzziﬁcation:

Fig. 3. Interval type-2 Gaussian membership function.

y=
4) The output weight layer: Each node in this layer is the
weight of IT2FNN and is determined by the output of the
FLN. From Fig. 3 and (1), the output weight, w, is derived
as:

⎡

⎤

⎡

w1
q11
.
w = ⎣ .. ⎦ = ⎣ ...
wk
q1k

...
..
.
...

⎤⎡

⎤

qm1
φ1
.. ⎦⎣ .. ⎦ = Q T φ
.
.
qmk
φm

(7)

yl + yr
2

(12)

The FT2FNN requires suitable rules, which signiﬁcantly affect
the estimation accuracy of the network. A large number of rules
result in a very high computational burden, which is unsuitable for
real-time applications. A small number of rules may be inadequate
to achieve the desired performance. To overcome this problem, this
study uses a self-evolving algorithm to autonomously construct
the structure of the FT2FNN, which is presented in the following
sections.
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3. Self-evolving algorithm and parameter learning
3.1. Self-evolving for function-link interval type-2 fuzzy neural
network
In self-evolving algorithm, the architecture of the FT2FNN is automatically generated from an empty structure. In the initial run,
the self-evolving algorithm uses the input information to generate
the ﬁrst Gaussian function (GF) for the input membership function
and for the weight for the defuzziﬁcation operation. When the input changes, the algorithm then determines whether to generate
new rules or to delete inappropriate rules or when to update the
existing rules (the GFs and the weights).
New rules are generated by comparing the prior threshold and
the maximum contribution of GFs to the rule, which is represented
by the membership grade. The condition for generating a new rule
is: If (GI < Tg ), the new input data is far from the existing membership function, so new rule is generated. Tg is the prior threshold
for generating rule and GI is the maximum membership grade of
the Ith input, which is given by

GI = max[μI1 ,

μI2 , . . . , μIk ]

(13)

μI j =

2

μ̄I j + μI j

e(k ) = yd (k ) − yˆSEF T 2F NN (k ) ∈ 

(19)

where yd (k) is the desired output for the system and yˆSEF T 2F NN (k )
is the output of the SEIT2FNN.
To ensure accurate identiﬁcation, this study uses a high-order
sliding mode from [41–43]

s (k ) =

l−1

l=0

 n−l−1
∂
(n − 1 )!
λl e
l!(n − l − 1 )! ∂ k

= e(n−1) + (n − 1 )λe(n−2) + (n − 2 )λ2 e(n−3) . . . + λn−1 e (20)
where λ is a positive constant, that deﬁnes the slope of the sliding
surface.
Taking the derivative of (20)

s˙ (k ) = e(n ) + (n − 1 )λe(n−1) + (n − 2 )λ2 e(n−2) . . . + λn−1 e(1 )
= e (n ) + K T e

where the interval membership grade is given by:


1

the output of the system. An estimation system identiﬁcation,
 ), allows an online estimate of the deˆ i j , σˆ i j , σ̄
yˆSEFT2FNN (qˆ, 
q̄, m
ij
sired output, yd .
The tracking error vector for the system is deﬁned
as
e(k ) = [e(k ), e˙ (k ), . . . , e(n−1) (k )]T ∈ n
where
e( k)
is
deﬁned as



(14)

The initial values for the mean and the variance of the new rule
are deﬁned as:

(21)
− 2 ) λ2 , . . . .

λn−1]T

where K = [(n − 1 )λ, (n
∈
is the positive
gain vector.
If the values for n and λ are selected to correspond to the
coeﬃcients of a Hurwitz polynomial, then lim e(k ) = 0. The Lyan−1

k→∞
1 2
2 s ( k ),

M k +1
mi j ( ) = ii ( k )

(15)



(k )+1
σ̄iMj (k)+1 , σ M
= [σinit + σ , σinit − σ ]
ij

punov cost function is chosen as V1 (s(k ) ) =
s(k )s˙ (k ). Using (19) and (21), yield

(16)

V˙ 1 (s(k ) ) = s(k )[ynd − yˆnSEF T 2F NN + K T e

(k )+1
(k )+1 M (k )+1
The vector qM
= [q̄M
, qnew ] is the weight of FLN and
new
new
is deﬁned as
( )
qnew

M k +1

= [qinit , qinit , . . . , qinit ]T ∈ m

(17)

where M(k) is the total number of rules at the kth step, σ is half
of the uncertain variance, σ init and qinit are the initial values for
the variance and the function-link weight, respectively, m is the
number of elements in the function expansion output.
The values for σ and σ init signiﬁcantly affect the network system. Fig. 3 shows if the values of σ is extremely small, the uncertainty in the GFs is very small and it becomes a type-1 fuzzy
set. If the values of σ or σ init are extremely large, the GFs cover
all input domains and a smaller number of rules is generated [25].
For extremely small values of σ init , the degree of over-lapping between GFs is small, so a very large number of rules is generated.
The process of deleting existing rules also takes account of
the contribution of GFs, which is determined using the minimum
membership grades, DI , and is given by:

DI = arg min[μI1 ,

μI2 , . . . , μIk ]

(18)

If (DI < Td ) the minimum membership grade, DI , of the Ith input
is smaller than the prior threshold, Td , for the deletion of a rule, so
the Ith rule is deleted.
Using this automatic generation and pruning method, the
proposed SEFT2FNN can determines the optimum number of
rules. Fig. 4 shows the ﬂowchart of the structure and parameter learning for the proposed method. The online learning for updating parameters is presented in the following
sections.
3.2. The SEFT2FNN parameter learning algorithm
For system identiﬁcation, the input data is used to train
the network and the ﬁnal output from the SEFT2FNN is also

so V˙ 1 (s(k ) ) =

(22)

An online learning gradient descent algorithm is applied to
minimize V˙ 1 (s(k ) ). Therefore, the online tuning laws for the parameters of a type-2 fuzzy system are given by the following equations:

∂ s(k )s˙ (k )
i
∂
q

(23)

∂ s(k )s˙ (k )
i
i

q̄ (k + 1 ) = 
q̄ (k ) − ηˆ q
i
∂
q̄

(24)

i
i

q (k + 1 ) = 
q (k ) − ηˆ q

ˆ i j (k + 1 ) = m
ˆ ij (k ) − ηˆ m
m

∂ s(k )s˙ (k )
∂ mˆ i j

(25)

 (k + 1 ) = σ̄
 (k ) − ηˆ σ
σ̄
ij
ij

∂ s(k )s˙ (k )

∂ σ̄
ij

(26)

σˆ i j (k + 1) = σˆ i j (k ) − ηˆ σ

∂ s(k )s˙ (k )
∂ σˆ i j

(27)

where ηˆ q, ηˆ m , ηˆ σ are the learning-rates for updating the functionlink weights, the means and the variances, respectively. Applying
the chain rule for the derivation term in (23)–(27), gives:

i
1
∂ s(k )s˙ (k ) ∂ s(k )s˙ (k ) ∂ yˆSEF T 2F NN ∂ yl ∂ w
=
= − s (k )
i
i
i
∂ yl
2
∂ yˆSEF T 2F NN
 ∂
∂w
∂
q
q

fli
M
i=1

fli

φ

(28)

∂ s(k )s˙ (k )
i

∂
q̄

i

=


1
∂ s(k )s˙ (k ) ∂ yˆSEF T 2F NN ∂ yr ∂ w̄
= − s (k )
i
i
∂ yr
2
∂ yˆSEF T 2F NN


∂ w̄ ∂ q̄

fri
M
i=1

fri

φ

(29)
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Fig. 4. Flowchart of the structure and parameter learning for the SEFT2FNN.



∂ s(k )s˙ (k ) 1 ∂ s(k )s˙ (k ) ∂ yl ∂ fli
∂ yr ∂ fri
=
+
2 ∂ yˆSEF T 2F NN ∂ fli ∂ m
ˆ ij
∂ mˆ i j
∂ fri ∂ mˆ i j



 i

wi − yl ∂ fli
w̄ − yr ∂ fri
1
= − s (k )
+
M
M
i ∂m
i ∂m
2
ˆ ij
ˆ ij
i=1 f l
i=1 f r


∂ s(k )s˙ (k ) 1 ∂ s(k )s˙ (k ) ∂ yl ∂ fli
∂ yr ∂ fri
=
+
2 ∂ yˆSEF T 2F NN ∂ fli ∂ σ̄ˆ i j
∂ fri ∂ σ̄ˆ i j
∂ σ̄ˆ i j



 i

wi − yl ∂ fli
w̄ − yr ∂ fri
1
= − s (k )
+
M
M
i
i
2
ˆ
ˆ
i=1 f l ∂ σ̄ i j
i=1 f r ∂ σ̄ i j


∂ s(k )s˙ (k ) 1 ∂ s(k )s˙ (k ) ∂ yl ∂ fli
∂ yr ∂ fri
=
+
2 ∂ yˆSEF T 2F NN ∂ fli ∂ σˆ i j
∂ σˆ i j
∂ fri ∂ σˆ i j



 i

wi − yl ∂ fli
w̄ − yr ∂ fri
1
= − s (k )
+
M
M
i ∂σ
i ∂σ
2
ˆ ij
ˆ ij
i=1 f l
i=1 f r

(30)

(31)

(32)

From (10) and (11), the elements fli and fri in (28)–(32) can be
i
f or f¯i

∂f
∂ f ∂ μij
ˆ ij
i xj − m
=
= f  2
∂ mˆ i j ∂ μij ∂ mˆ i j
σˆ i j
i

i

(33)

ˆ ij
xj − m
∂ f¯i
∂ f¯i ∂ μ̄ij
=
= f¯i  2
∂ mˆ i j ∂ μ̄ij ∂ mˆ i j
σ̄i j

(34)


2
ˆ ij
xj − m
∂ fi
∂ f i ∂ μij
i
=
= f
 3
∂ σ̄i j ∂ μij ∂ σ̄i j
σ̄i j

(35)


2
ˆ ij
xj − m
∂ f¯i
∂ f¯i ∂ μ̄ij
i
=
= f¯
 3
∂ σ̄i j ∂ μ̄ij ∂ σ̄i j
σ̄i j

(36)


2
ˆ ij
xj − m
∂ fi
∂ f i ∂ μij
i
=
= f
 3
∂ σˆ i j ∂ μij ∂ σˆ i j
σˆ i j

(37)


2
ˆ
x −m
∂ f¯i
∂ f¯i ∂ μ̄ij
¯i j i j
f
=
=
3
∂ σˆ i j ∂ μ̄ij ∂ σˆ i j
σˆ i j

(38)

Using the online tuning parameter that is detailed in (23)–(27),
the SEFT2FNN identiﬁer is obtained and the system can achieve the
desired performance. The stability of system is guaranteed using
Lyapunov function approach, and it is proven in Appendix C.
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Fig. 5. Identiﬁcation scheme.

Fig. 7. The RMSE during 200 training epochs.

Fig. 6. The result of identiﬁcation non-BIBO plant after 200 epochs training.

4. Simulation studies
4.1. System identiﬁcation problems
The scheme for system identiﬁcation is shown in Fig. 5. The
term, z−n , is the step delayed value for signals. For example, the
signal y(k − n ) represents a signal y(k) that is delayed n steps. The
input for the system identiﬁer SEFT2FNN is the nonlinear plant inputs, u(k), u(k − 1 ), . . . , u(k − n ), and the delay in the nonlinear
plant output is yd (k − 1 ), yd (k − 2 ), . . . , yd (k − n ). System identiﬁcation requires that the errors between the nonlinear plant output yd (k) and the output of yˆSEF T 2F NN converge to zero for all input
values of u(k). This study uses three inputs, u(k ), yd (k − 1 ) and
yd (k − 2 ), to train the SEFT2FNN for all simulations. All the training data are the same as those used in [16,44]. To limit the cost
of computation, the maximum number of T2GMF in each input is
limited to 7 MFs.
Example 1: Identiﬁcation of a non-BIBO nonlinear plant
The non-bounded-input bounded-output nonlinear plant (nonBIBO) used in [43] and [44] is described as

Fig. 8. The number of input MFs during 200 training epochs.

y(k + 1 ) = 0.2y2 (k ) + 0.2y(k − 1 ) + 0.4sin(0.5(y(k )
+y(k − 1 ) ) )cos(0.5(y(k ) + y(k − 1 ) ) ) + 1.2u(k ) (39)
where u(k) is the input signal, which is u(k ) = 0.5e−0.1kT0 sin(5kT0 ),
and T0 = 0.001 is the sampling time.
The SET2FNN is trained for 200 epochs using 500 samples.
Fig. 6a shows the output for a non-BIBO system, yd (k), and the
output for the identiﬁer, yˆSEFT2FNN (k ). Fig. 6b shows the tracking
error between yd (k) and yˆSEFT2FNN (k ) during the online identiﬁcation. Fig. 7 shows the evolution of the root mean square error
(RMSE) during 200 epochs of training. Fig. 8 shows the change in
the number of input membership functions during 200 epochs (total sample is 50 0∗ 20 0). The change in the number membership
functions is not shown clearly because the algorithm converges

Fig. 9. The result during 1 training epoch.

quickly to a suitable structure after training for a few epochs.
Fig. 9 shows the result during training one epoch. It shows that
the changes in the input membership functions only occur for the
ﬁrst 50 samples. When the error converges to zero, the number of
rules quickly converges to an optimum number. Table 1 compares
the RMSE values and computation times for the IT2FNN, a selforganizing IT2FNN (SOT2FNN), a self-evolving IT2FNN (SET2FNN)
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Table 1.
Comparison results in RMSE of non-BIBO plant.

IT2FNN
SOT2FNN [28]
SET2FNN
SEFT2FNN

Computation time (s)

RMSE

0.410
0.458
0.472
0.507

0.0092
0.0083
0.0076
0.0065

Fig. 12. The number of input MFs during 200 training epochs.
Table 2.
Comparison results in RMSE of BIBO plant.

T2 TSK FNS [16]
T2FNN
SOT2FNN [28]
SET2FNN
SEFT2FNN

Fig. 10. Identiﬁcation BIBO nonlinear plant.

Computation time (s)

RMSE

None
0.142
0.149
0.155
0.171

0.032
0.038
0.035
0.029
0.026

result of this comparison results are similar to those for the previous example.
Example 3: Identiﬁcation of a second-order nonlinear time-varying
plant
The second-order nonlinear time-varying plant that is used in
this simulation is described in [44] and [16] by the dynamic equation:

y (k ) =

x1 x2 + x3
x4

(41)

where x1 = y(k − 1 )y(k − 2 )y(k − 3 )u(k − 1 ), x2 = y(k − 3 ) − b(k ),
x3 = c (k )u(k ), and x4 = a(k ) + y(k − 2 )2 + y(k − 3 )2 , in which a(k),
b(k) and c(k) are time-varying parameters that are given by:
Fig. 11. The RMSE during 200 training epochs.

a(k ) = 1.2 − 0.2cos(2π kT0 )

and Self-evolving function-link IT2NN (the proposed method). This
comparison shows that the proposed SEFT2FNN performs better, in
terms of identiﬁcation than the other methods. However, computation time is greater.
Example 2: Identiﬁcation of a BIBO nonlinear plant
In this example, the nonlinear bounded-input bounded-output
(BIBO) nonlinear plant that was used in [15] and [16] is used to
evaluate the performance of the SEFT2FNN identiﬁer
3

y (k ) = u (k ) +

b(k ) = 1 − 0.4sin(2π kT0 )
c (k ) = 1 + 0.4sin(2π kT0 )

(42)

and u(k) is the input signal, which is given as:

⎧
⎪
⎨





sin π25k
1.0
u (k ) =
−1.0 
⎪


 
⎩
0.3 sin π25k + 0.1sin π32k + 0.6sin π10k

k < 250
250 ≤ k < 500
500 ≤ k < 750
750 ≤ k < 10 0 0
(43)

y (k − 1 )
2

1 + y (k − 1 )

(40)

π k ).
where the input signal is given as u(k ) = sin( 2100
After training for 200 epochs, using 200 samples, the SET2FNN
identiﬁes the plant with a small error. Theoutput for the BIBO nonlinear plant, yd (k), and the output of the identiﬁer, yˆSEFT2FNN (k ), are
shown in Fig. 10a. The tracking error during the online identiﬁcation is shown in Fig. 10b. The evolution of the RMSE value over 200
epochs is shown in Fig. 11. Fig. 12 shows the change in the number of input membership functions over 200 epochs (total sample
is 20 0∗ 20 0). Table 2 compares the RMSE values and the computation times for the proposed method and the other methods. The

The SET2FNN system identiﬁcation is trained for 100 epochs using 10 0 0 samples. Fig. 13a shows the output for the second-order
nonlinear time-varying plant, yd (k), and the output of the identiﬁer, yˆSEFT2FNN (k ). Fig. 13b shows the tracking error for the system
during the online identiﬁcation. Fig. 14 shows the evolution of the
RMSE value over 100 epochs. Fig. 15 shows the change in the number of input membership functions over 100 epochs (total sample
is 10 0 0∗ 10 0). The RMSE values and the computation times for the
proposed method and the other methods are compared in Table 3.
From Figs. 7, 11, 14 and the comparison results for the RMSE
in Tables 1–3, it is clear that the proposed method gives a
faster and better result for the identiﬁcation problem. The RMSE
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Fig. 16. The control system scheme for dynamic time-varying plant.

Fig. 13. Identiﬁcation second-order nonlinear time-varying plant.

values converge faster during training epochs than the other methods. Because the processing time of the self-evolving algorithm and
the function-link network, the computation time of the proposed
method is a little longer, but it is acceptable. Compared with the
proposed method, at the beginning of the processing, the RMSE
of SOT2FNN has been decreased more regularly. However, when
the SEFT2FNN converges to the suitable structure, it can obtain the
smaller value in RMSE.
4.2. Control problems (Dynamic time-varying plants)
The scheme for the control system is shown in Fig. 16. The input for the SEFT2FNN control system is the output of the sliding
hyperplane and its derivative, s(t) and s˙ (t ). The goal of control system is generates the control signal uˆSEF T 2F NN (t ), which can force
the output of the dynamic time-varying plant y(t) to track the reference signal yd (t). The same with examples in identiﬁcation problem, the maximum number of T2GMF in each input is limited to 7
MFs.
Example 4: Control the dynamic time-varying plant borrowed from
[45]

Fig. 14. The RMSE during 100 training epochs.

y(t ) =

y(t − 1 )y(t − 2 )(y(t − 1 ) + 2.5)



1 + y(t − 1 )2 + y(t − 2 )2



+ u(t )

(44)

where y(t) and u(t) are output of the plant and control signal, respectively. y(t−1) and y(t−2) denote the one-step and two-step delayed of y(t). The reference signal yd (t) is given by the stepwise
changes as:

⎧
⎪
⎨10,

15,
yd (t ) =
⎪
⎩10,
15,

Fig. 15. The number of input MFs during 100 training epochs.
Table 3.
Comparison results in RMSE of second-order nonlinear timevarying plant.

SMC-based learning [44]
T2FNN
SOT2FNN [28]
SET2FNN
SEFT2FNN

Computation time (s)

RMSE

0.853
0.874
0.972
0.981
1.040

0.028
0.037
0.034
0.031
0.023

0 < k ≤ 50
50 < k ≤ 100
100 < k ≤ 150
150 < k ≤ 200

(45)

Fig. 17 shows the control result of the time-varying plant in Example 4. Fig. 17a includes the reference signal and the output of
control system, Fig. 17b show control signal, and Fig. 17c is the
tracking error of control system. It is obvious that the SEFT2FNN
can quickly generate the rules and control the time-varying plant
very well. The RMSE of the control system over 200 s is 0.1359.
After about 0.05 s, the number of MFs are converged to 3 MFs for
input 1, and 2 MFs for input 2. The change of MFs for input 1 and
input 2 during 200 s is shown in Fig. 18.
Example 5. Control the dynamic time-varying plant borrowed from
[46]

y(t ) = b0 (t )u(t )
where

b0 (t ) = −

t2
1 + a1 (t )t + a2 (t )t 2

(46)
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Fig. 19. The change of time-varying parameter a1 and a2 during 100 s in Example
5.

Fig. 17. Control the time-varying plant in Example 4. (a) The reference signal and
the output of control system. (b) The control signal. (c) The tracking error of control
system.

Fig. 20. Control the time-varying plant in Example 5. (a) The reference signal and
the output of control system. (b) The control signal. (c) The tracking error of control
system.

Fig. 18. The number of MFs during 200 s in Example 4. (a) The number of MFs for
input 1. (b) The number of MFs for input 2.

b1 (t ) =

2 + a1 (t )t
1 + a1 (t )t + a2 (t )t 2

b2 (t ) = −

1
1 + a1 (t )t + a2 (t )t 2

Fig. 21. The number of MFs during 100 s in Example 5. (a) The number of MFs for
input 1. (b) The number of MFs for input 2.

Here, a1 (t) and a2 (t) are the time-varying plant parameter given
by

0.1t
a1 (t ) =
t +1

⎧
⎪
⎨ 0.3,

0.1,
a2 (t ) =
⎪
⎩ 0.6,
0.3,

0 ≤ k < 40
40 ≤ k < 60
60 ≤ k < 85
k > 85

(47)

The reference signal is given by

⎧
⎪
⎨10,

15,
yd (t ) =
⎪
⎩10,
15,

0 < k ≤ 25
25 < k ≤ 50
50 < k ≤ 75
75 < k ≤ 100

(48)

The change of time-varying parameter a1 and a2 during 100 s
in Example 5 are shown in Fig. 19. The reference signal and the
output of control system are shown in Fig. 20a, and the control signal and the tracking error of control system are shown in Fig. 20b

and Fig. 20c, respectively. Fig. 21 shows the change of number MFs
during 100 s. From the simulation results, it can be observed that
the SEFT2FNN controller can control the time-varying plant follow the reference signal very well. The structure of the proposes
controller can quickly converge to the suitable structure by selfevolving algorithm. In this example, the number MFs of input 1
and input 2 are converged to 2 MFs. The RMSE in this example is
0.7255. The comparison RMSE of the proposed method with the
other methods are shown in Table 4.
In all examples, the structure of the SEFT2FNN does not need
to design in advance, because it can self-evolving to the suitable
network structure. The parameter in the sliding hyperplane is chosen as n = 3 and λ = 0.05. The initial parameter for the consequent
and the antecedent in IT2FNN also does not need to be designed
in advance, and the rules can be auto generated using the input
signal and all parameters can be updated based on the adaptive
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Table 4.
Comparison results in RMSE of control time-varying
plant.

Type-2 TSK FNS [16]
T2FNN
SOT2FNN [28]
SET2FNN
SEFT2FNN

Example 4

Example 5

0.1469
0.2471
0.1427
0.1583
0.1359

0.7395
0.8439
0.7825
0.7540
0.7255

Step 2: Computing fli and y
fli =

f¯i + f i
2

M
i i
i=1 f l w
M
i
i=1 f l

and y =

Step 3: Find the point k (1 ≤ k ≤ M − 1) where wk ≤ y ≤ wk+1
M
f¯i ,
i≤k
f i wi
Step 4: Set fli =
and compute y = i=1M l i
i
f ,
i>k
i=1 f l
Step 5: If y = y Then set y = y and go to Step 3
If y = y Then set yl = y; L = k and Stop KM algorithm

law. The initial parameters for generating the variance are chosen as σinit = 0.5 and σ = 0.1. The learning-rates are chosen as,
ηˆ m = 0.01 and ηˆ σ = 0.01. The prior threshold for generating and
deleting rule are chosen as Tg = 0.1 and Td = 0.05. The sample time
is 0.01 s.

Appendix C
Proof. The Lyapunov function is deﬁned as:

V (s (k ) ) =

5. Conclusion
This paper proposes a SEFT2FNN for system identiﬁcation and
the control problem. The proposed method is suitable for many
ﬁelds, such as control problems, system identiﬁcation, classiﬁcation, and prediction. The major contributions of this study are (1)
the development of a SEFT2FNN with an adaptive law for updating
parameters, (2) a self-evolving algorithm that allows the network
to automatically achieve optimum construction from empty rules,
so there is no need to design the structure of the SEFT2FNN in advance, (3) the convergence of the proposed algorithm is proven by
Lyapunov function analysis approach and (4) the function-link network is combined to improve the accuracy with which the nonlinear function is approximated. The numerical simulation results for
an identiﬁcation problem and the control of time-varying plants
show the superiority of the proposed method over other methods.
Choosing the learning rates for the adaptive laws and the thresholds for generating and deleting the rules signiﬁcantly affect the
system performance. Therefore, the future studies will apply the
optimal algorithm to optimize the learning rates and the thresholds, so the RMSE can be quickly converged and the performance
of the system can be further improved.
Acknowledgments

Deﬁned Px (k ) =

j

Step 3: Find the point k (1 ≤ k ≤ M − 1) where w̄k ≤ y ≤ w̄k+1
i
M
f ,
i≤k
f i w̄i
Step 4: Set fri =
and compute y = i=1M r i
¯f i ,
i>k
i=1 f r
Step 5: If y = y Then set y = y and go to Step 3
If y = y Then set yr = y; R = k and Stop KM algorithm
Appendix B. [47]
The detail of KM algorithm for ﬁnding the left switch point, L.
Step 1: Sort wi (i = 1, 2, . . . , M ) such that w1 ≤ w2 ≤ · · · ≤ wM

(C3)

i

j

i

j


∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN ∂ yˆSEF T 2F NN
Pqˆ (k ) =
=
,...,
,
,


∂ q̄
∂ q̄11
∂
∂
q̄1n j
q̄21

∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
×...,
,...,
,...,
∂
∂
∂
q̄2n j
q̄ni n j
q̄ni n j

Pσˆ (k ) =

M
i i
i=1 f r w̄
M
i
i=1 f r

ˆ,
x = qˆ, 
σ, 
σ̄
q̄, m

for


∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN ∂ yˆSEF T 2F NN
Pqˆ (k ) =
=
,...,
,
,
∂ qˆ11
∂ qˆ1n
∂ qˆ21
∂ qˆ
j

∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
×...,
,...,
,...,
∂ qˆ2n
∂ qˆn n
∂ qˆn n

Step 1: Sort w̄i (i = 1, 2, . . . , M ) such that w̄1 ≤ w̄2 ≤ · · · ≤ w̄M
Step 2: Computing fri and y
and y =

∂ yˆSEF T 2F NN
,
∂x

where

The detail of KM algorithm for ﬁnding the right switch point, R.

f¯i + f i
2

(C2)

The change in (C2) can be obtained
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fri =

(C1)

V˙ (s(k ) ) = s(k )s˙ (k )

Pmˆ (k ) =

Appendix A. [47]

1 2
s (k )
2

P
σ̄ (k ) =


∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN ∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
=
,...,
,
,
∂ mˆ 11
∂ mˆ 1n j
∂ mˆ 21
ˆ
∂m

∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
×...,
,...,
,...,
∂ mˆ 2n j
∂ mˆ ni n j
∂ mˆ ni n j

∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN ∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
=
,...,
,
,
∂ σˆ 11
∂ σˆ 1n j
∂ σˆ 21
∂ σˆ

∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
×...,
,...,
,...,
∂ σˆ 2n j
∂ σˆ ni n j
∂ σˆ ni n j

∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN ∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
=
,...,
,
,
11
 1n
21
∂
σ̄
∂ σ̄
∂ σ̄
∂ σ̄
j

∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
∂ yˆSEF T 2F NN
×...,
,...,
,...,
∂ σ̄2n j
∂ σ̄ni n j
∂ σ̄ni n j

Apply the gradient descent method, C(2) can be represented by


V˙ (s(k + 1 ) ) = V˙ (s(k ) ) + V˙ (s(k ) ) ∼
= V˙ (s(k ) ) +

∂ V˙ (s(k ))
∂x

T
x
(C4)

where V˙ (s(k ) ) is the change in V˙ (s(k ) ) and x denotes the
change in x.
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Using the chain rule and obtain

∂ V˙ (s(k ))
∂ V˙ (s(k )) ∂ yˆSEF T 2F NN
∂ s(k )s˙ (k ) ∂ yˆSEF T 2F NN
=
=
(C5)
∂x
∂
x
∂x
ˆ
∂ ySEF T 2F NN
∂ yˆSEF T 2F NN
Using (27) and (C4) yields

∂ V˙ (s(k ))
∂ yˆSEF T 2F NN
= −s(k )
= −s(k )Px (k )
∂x
∂x

(C6)

From (28)–(32), we have

x = −ηˆ x

∂ s(k )s˙ (k )
= ηˆ x s(k )Px (k )
∂x

(C7)

Substituting (C6), (C7) into (C4)



V˙ (s(k )) =

∂ V˙ (s(k ))
∂x

T

x = [−s(k )Px (k )]T ∗ ηˆ x s(k )Px (k )

= −s2 (k )ηˆ x Px (k )

(C8)

From (C8) if ηˆ x is chosen as ηˆ x > 0 then V˙ (s(k ) ) < 0. Therefore, the convergence of the updating algorithm is guaranteed by
the Lyapunov stability theorem.
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